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Abstract 

We identify the fractions of supersymmetry preserved by the most gen¬ 
eral warped flux AdS and flat backgrounds in both massive and standard 
IIA supergravities. We find that AdSn preserve 2^'^^k for n < 4 

and for 4 < n < 7 supersymmetries, A: £ N>o. In addition we 

show that, for suitably restricted fields and the killing spinors of 

AdS backgrounds are given in terms of the zero modes of Dirac like opera¬ 
tors on This generalizes the Lichnerowicz theorem for connections 

whose holonomy is included in a general linear group. We also adapt our 
results to M Xu, backgrounds which underpin flux compact- 

ihcations to M and show that these preserve 2^2^k for 2 < n < 4, 
2^^h for 4 < n < 8, and 2 ^ 2 for n = 9,10 supersymmetries. 


1 Introduction 


AdS backgrounds have found widespread applications in supergravity compact- 
ifications and more recently in AdS/CFT correspondence, see reviews [Tl[31[3]. 
Because of this there is an extensive literature on the subject starting from the 
original work of [1], for some selected publications on AdS backgrounds in the 
context of IIA supergravity see E-M- A first step towards the classification 
of AdS backgrounds is to identify the fractions of supersymmetry that are pre¬ 
served. This has been established for D=ll and IIB AdS backgrounds in m 
and m, respectively. The novelty of this approach is that no restrictions have 
been put on either the form of the fields or that of the Killing spinors. As a 
result the most general warped flux AdS backgrounds have been considered. It 
has also been found that the Killing spinors do not factorize into Killing spinors 
on the AdS and Killing spinors on the transverse space. 

One of the aims of this paper is to count the number of supersymmetries 
of warped flux AdS backgrounds in both standard [n m E] and massive 
[3 IIA supergravities, and so complete this analysis for all D=ll and type 
II supergravities. In what follows, we restrict the spacetime to be a warped 
product of a AdSn space with a transverse space and require that the 

fluxes respect the isometries of AdSn ■ We do not place any other assumptions 
on either the fluxes or on the form of Killing spinors. We find that such warped 
flux AdSn >^w background^ preserve 

N = n<4; N = 4<n<7, (1.1) 

supersymmetries, where k S N>o. This formula gives the a priori number of 
supersymmetries preserved. It is expected that there are additional restrictions 
on N. For example N < 32 as there are no (massive) IIA AdSn back¬ 

grounds which are maximally supersymmetric m- The proof that ^^52 Xu,M® 
backgrounds preserve an even number of supersymmetries requires the addi¬ 
tional assumption that M® and the fields satisfy suitable conditions such that 
the maximum principle applies, eg M® is closed and fields are smooth. The result 
is a special case of the more general theorem that all near horizon geometries of 
(massive) IIA supergravity preserve an even number of supersymmetries given 
in m- For the counting of supersymmetries for the rest of AdSn Xw ", 
n > 2, backgrounds no such assumption is necessary. A summary of these 
results is also presented in table 1. 

Furthermore, we show that the Killing spinors of the AdSn back¬ 

grounds can be determined from the zero modes of Dirac-like operators on 
depend on the fluxes. For this we demonstrate new Lichnerowicz 
type theorems, using the maximum principle, which relate the Killing spinors 
to the zero modes of these Dirac-like operators. 

In the limit that the AdS radius goes to infinity, the AdSn Xw back¬ 

grounds become the most general warped flux flat backgrounds M" 

MiO“". The latter have also widespread applications in supergravity, string 
theory and M-theory as they include the most general flux compactifications. 
Taking the limit of infinite AdS radius we adapt most of our AdSn Xw 
results to x^, backgrounds. In particular, all our local com¬ 

putations are valid in this limit and so one can establish that the number of 

^ These backgrounds are taken up to discrete identifications. 
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supersymmetries preserved by such backgrounds are 

iV = 2[tlfc, 2<n<4; N = 2^"^^ , 4<n<8; 

N = N = 2^^^k , n = 9,10, (1.2) 

where k G N>o. There are additional restrictions on iV. In particular it is known 
that the maximally supersymmetric solutions of standard IIA supergravity are 
locally isometric to Minkowski spacetime, the fluxes vanish and the dilaton 
is constant, and moreover that the massive IIA supergravity does not have a 
maximally supersymmetric solution m- In addition, if the Killing spinors do 
not depend on the M" ’ coordinates, then all backgrounds with iV > 16 are 
locally isometric to with zero fluxes and constant dilaton as a consequence 
of the homogeneity conjecture m- These results have also been collected in 
table 2. Note that the counting of supersymmetries in AdS and flat backgrounds 
is different. This is because there are differences in the counting of linearly 
independent Killing spinors for finite and infinite AdS radius. 

Apart from the similarities there are also some differences between AdSn x ^ 
Afio-” andR"“^’^ backgrounds. First, some of the regularity results 

that have used to prove the new Lichnerowicz type theorems for AdSn 
are no longer valid for backgrounds. This is related to the 

property that flux compactifications to M" without higher order corrections, 
or without the addition of sources, are all singular [18]. As a consequence, it is 
not possible to prove that x^, M® backgrounds preserve an even number 
of supersymmetries, and so there is no a priori restriction on the number of 
supersymmetries preserved by such backgrounds; though TV 31 because of 
the classification result of [20]. In addition, it is not straightforward to adapt 
the proof of new Lichnerowicz type theorems from AdSn to x^j 

j^io-n backgrounds. Even though the formulae used for the application of the 
maximum principle are still valid for flux M” backgrounds, the 

fields violate the regularity assumptions which are necessary for the application 
of the maximum principle. 

Our analysis also reveals that the Killing spinors of AdSn x^ spaces 

do not factorize into the Killing spinors on AdSn and Killing spinors on 
This result is similar to that already established for the D=ll and IIB back¬ 
grounds in mm where it was shown that such a factorization leads to an incor¬ 
rect counting of Killing spinors. Similar results also hold for x^, 

backgrounds. 

To prove these results, we first solve the KSEs of (massive) IIA supergravity 
along the AdS directions without assuming a special form for the Killing spinor. 
A convenient way to do this is to write these backgrounds as near horizon 
geometries as suggested in m and then we use the results of m- Eor warped 
flux AdS 2 Xnj M® backgrounds, the counting of supersymmetries and the rest 
of the results are a special case of those of [16] for IIA horizons. For the rest 
of the AdS„ x^, backgrounds, we integrate the KSEs along the AdSn 

directions and demonstrate that the Killing spinors e depend on the coordinates 
of AdS„ and four 16-component spinors a±,T± which in turn depend only on 
the coordinates of Moreover, the process of integration over AdS„ 

introduces one new algebraic KSE for each a± , t± . Thus each spinor a± , t± 
obeys now three KSEs, one parallel transport equation which arises from the 
gravitino KSE of (massive) IIA supergravity, one algebraic KSE which arises 
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from the dilatino KSE of (massive) IIA supergravity, and the new algebraic 
KSE. The counting of supersymmetries then proceeds with the observation that 
there are Clifford algebra operators which intertwine between the triplets of 
KSEs. As a result, given a solution in one triplet of KSEs, these Clifford algebra 
operators generate solutions in the other triplets of KSEs. Counting the linearly 
independent solutions generated this way one proves (11.11) . The proof of (11.21) 
for Xu, backgrounds is similar. 

The proof of the correspondence of Killing spinors and zero modes of Dirac- 
like operators on for AdS„ relies on the application 

of the maximum principle. First a suitable choice is made for as there 

are several options available because of the presence of algebraic KSEs. Then 
assuming that a spinor x+ is a zero mode of and after using the field 

equations and Bianchi identities, one schematically establishes 

II x+ f II x+ f = Q(V(+)x,A(+ix,B(+)x+) > 0 , (1.3) 

where x+ = '^+ and Q is a function which vanishes if and only if the 

triplet of KSEs V^+^X-i- = 0, = 0 and B(+ix+ = 0 is satisfied. Q is 

specified in each case. An application of the maximum principle reveals that 
the only solution to the above equation is that || x+ IP is constant and that 
X+ satisfies the KSEs. A similar formula can be established for the cr_ and t_ 
spinors. 

This paper has been organized as follows. In sections 2, 3, 4, and 5, we 
present the proof of the formula (du for all AdS„ x^, " backgrounds, and 

demonstrate the new Lichnerowicz type theorems. In section 6, we present the 
proof for the formula dEU for all R” Xu,M^° " backgrounds. In section 7, we 
examine the factorization properties of the Killing spinors for AdS„ x^, 
and R"~^’^ x^, backgrounds, and in section 8 we give our conclusions. 

In appendix A, we state our conventions and in appendices B, C, and D, we 
prove the formula (11.31) for AdS„ 2 < n <7, backgrounds. 


2 AdS2X^M8 

2.1 Fields, Bianchi identities and Field Equations 

2.1.1 Fields 

As has already been mentioned, all AdS backgrounds are included in the near 
horizon geometries. To describe the fields of AdS 2 x^, M® it suffices to impose 
the isometries of the AdS 2 space on all the fields of the near horizon geometries 
of [TB]. In such a case, the fielddl can be written as 

= 2e'^e“ -f ds^(M®) , 

G = e+ Ae- AX + Y , H = e+ Ae- AW + Z , 

F = e+Ae-N + P, S = S, $ = $. (2.1) 

where X and P are 2-forms on M®, K is a 4-form on M®, Z is & 3-form on 
M®, and N and the dilaton $ are functions on M®. S = e^m, where m is the 

^The choice of the fields of AdS2 Xw backgrounds here is different from that of near 
horizon geometries in m- In particular all R-R fields have been multiplied by For more 
details see m and m and appendix A. 
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mass parameter of massive IIA supergravity. For the standard IIA supergravity 
TO = 0 and so S' = 0. Furthermore, 


e 


+ 


h 


du , e = [dr + rh 
-2A-^dA = A-^dA 


A = e-‘^A-^, 


( 2 . 2 ) 


where the dependence on the coordinates u, r is explicit, A is the warp factor 
which depends only on the coordinates of M® and £ is the radius of AdS 2 . 


2.1.2 Bianchi identities and Field equations 

The Bianchi identities of (massive) IIA supergravity reduce to differential iden¬ 
tities on the components of the fields localized on M®. In particular a direct 
computation reveals that 

diA^W) = 0, d{A^X)-A'^d^AX-A'^WAP-A'^NZ = 0, 
dZ = 0 , dlA^N) - A^Nd<^ - SA^W = 0 , 
dY -d<^AY = ZAP, dP -d<^ AP = SZ . (2.3) 


Similarly, the field equations of the (massive) IIA supergravity decomposed as 


+ (25^ log A - = 0 , 

g2$v*(e-2^W'i) -SN- ip*^ A„- + 4 * = 0 , 

Z 4o 

g2$vfe(e-2^Zfei,) - SP,j + 2d^ log AZuj + NX,j - ^P^^Y^uj 

— i^Xu * = 0 , 

i YXk^’^^Zk.k.k, = 0 , 

XAjki + (25* log A - d^AYi.ki - lXm,m, * 

- *Yjke"Wn = 0 , 


V2$ 


2A-i5*A5i$ = 25*$5i$ -h -IF^ - —Z^ - -N^ 

2 12 4 


(2.4) 


and in particular the Einstein equation decomposes as 


V*5* log A + A -h 2(dlog A) 2 = 25* log A 5*4> -h ^IF^ 

Rf = 2V,5, log A + 25, log A5, log A - 2V,5,$ - ilF,lF, + ^Z^ + ip(2 

lo 1 r\ „/1..0 1 .-..O 1 O 1 O 1 






(2.5) 


where V is the Levi-Civita connection on M® and the Latin indices i,j, k,... 
are frame M® indices. 
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2.2 Local aspects: Solutions of KSEs 

2.2.1 Solution of KSEs along AdS 2 

The solution of the KSEs for AdS 2 x M® backgrounds is a special case of that 
presented for IIA horizons in m- In particular, the solution of the KSEs along 
the AdS 2 directions can be written as 

e = e+ + e- , 

e+= 77++ wr+0_77_ , e_ = 77_ + rr_0+(?7++ Mr+0_77_) , (2.6) 
where r±e± = 0, 

0± = t Tiiir - ^rn(±2iV + f>) - ^(±12^ + 

and r]± depend only on the coordinates of M®. This summarizes the solution of 
the KSEs along the AdS 2 directions. 

2.2.2 Independent KSEs on M® 

Having solved the KSEs along the AdS 2 directions, it remains to identify the 
remaining independent KSEs. This is not straightforward. After substituting 
(12.61) back into the KSEs of (massive) IIA supergravity and expanding in the 
u and r coordinates, one finds a large number of conditions. These can be 
interpreted as integrability conditions along the AdS 2 and mixed AdS 2 and M® 
directions. However after an extensive analysis which involves the use of Bianchi 
identities and field equations, one finds that the remaining independent KSEs 
are 


vr^77± = 0 , = 0 , 


( 2 . 8 ) 


where 


and 


and 


= V, + , 


yl<±) = + + 

+ r„{±lir-T2T2iv + |, 


(2.9) 


+ Bn(T jW, + ± , (2.10) 


( 2 . 11 ) 


Furthermore, one can show that if 77_ is a Killing spinor, ie satisfies (12.81) . then 

7 ?+ = r+0_77_ , (2.12) 


is also a Killing spinor. 
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2.2.3 Counting supersymmetries 


The investigation so far is not sufficient to prove that the number of supersym¬ 
metries preserved by AdS 2 M® backgrounds is even, as given in (II.1|) . To 
prove this, some additional restrictions on the backgrounds are necessary which 
will be described in the next section. 

2.3 Global aspects: Lichnerowicz type theorems 

2.3.1 The non-vanishing of warp factor A 

To proceed, we shall show that if A and the fields are smooth, then A does 
not vanish on M®. The argument which proves this is similar to that used in 
[To] and m to demonstrate the analogous statements for D=ll and IIB AdS 
backgrounds, and where a more detailed analysis is presented. Here we present 
a brief description of the proof which relies on the field equation of A. Assuming 
that A does not vanish everywhere on M, we multiply that field equation of A 
with at a value for which 7 ^ 0 to find 

-AV^d,A - £-2 - d^AdiA = -2Ad^Adi^ --A^W^ --A^N^ 

2 4 

- -A^X^ - -A^P^ - —A^V^ - -A^S^ . (2.13) 

Then taking a sequence that converges to a point in M® that A vanishes, we 
find that if such a point exists it is inconsistent with the above field equation 
as £ is the radius of AdS 2 which is finite. As a result for smooth solutions, A 
cannot vanish anywhere on M®. 

2.3.2 Lichnerowicz type theorems for 7 ]± 

The Killing spinors t}± can be identified with the zero modes of a suitable Dirac- 
like operator on M®. In particular, let us define 

^(±) = y(±) _ _4(±) ^ (2,14) 

where = '^ + is the Dirac operator on M®, and 

^(±) = p*^(±) ^ ±1a-^0A + S + .(2.15) 

z 4 4 8 4 

It turns out that if the fields and M® satisfy the requirements for the maximum 
principle to apply, eg M® is compact without boundary and all the fields are 
smooth, then 


= 0 , A’'^'>r]± = 0 = 0 . (2.16) 

It is clear that the proof of this in the forward direction is straightforward. To 
establish the opposite direction for the 77 + spinors, let us assume that ^^+^ 77 + = 
0. Then after some extensive algebra using the Bianchi identities and the field 
equations, one finds m that 

II 77+ f- 2 {dA-A-^d^A)X, II 77+ f= 
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2 II V(+)7?+ f -(4 k + 16k 2) II f , (2.17) 

where 

. (2.18) 

Applying the maximum principle for n G (—;|,0), one concludes that the solu¬ 
tions of the above equation are Killing spinors and that 

II 11= const . (2.19) 

Similarly assuming that = 0, one can establish the identity 

V2(A-2 II T^_ f ) - 2 (a*$ - A-i5M)V,(A-2 II ry_ f) = 

2A-2 II f -{4:K + 16k^)A-^ || f . (2.20) 

Again the application of the maximum principle for k G (—;|,0) gives that rj- 
is a Killing spinor and that 

A~^ II 77_ 11= const . (2.21) 

The proof for this for near horizon geometries m is based on a partial integra¬ 
tion argument instead. 

2.4 Counting of supersymmetries 

The counting of supersymmetries for AdS 2 x^, M® backgrounds under the as¬ 
sumptions made in the previous section is a special case of the proof of [TB] 
that IIA horizons always preserve an even number of supersymmetries. Here, 
we shall briefly repeat the argument. If N± = dim Ker (v|^\ then the 

number of supersymmetries preserved by the background is = AG|_ -|- N-. On 
the other hand from the Lichnerowicz type theorems of the previous section 

Af± =dimKer^(=^) . (2.22) 

Furthermore, it turns out that (e^^r_) (e^'^r_) and so 

N- = dimKer.^^"*"^! . (2.23) 

On the other hand the index of is the same as the index of the Dirac op¬ 
erator y acting on the Majorana representation of Spin{8). The latter vanishes 
and so 7V+ = N-. Thus we conclude that AdS 2 x^, M® solutions preserve 

N = N++N_ = 2N_ , (2.24) 

supersymmetries confirming (HD. 


3 AdSs M'^ 

3.1 Fields, Bianchi identities and field equations 

The fields of AdSs backgrounds which are compatible with the AdSa symmetries 
are 

= 2e''"e“-I--I-(is^(M'^) , 
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G = Ae+ Ae- Adz ^X + Y , F = F , 

H = AWe+Ae-Adz +Z , S = S, $ = $, (3.1) 

where 


e~^ = du , e = {dr + rh) , A = 0 

h = —jdz — 2A~^dA, (3.2) 

A is the warp factor which depends only on the coordinates of (r, u, z) are 
the coordinates of AdSa, A is a 1-form, S, $, W are functions, F is a 2-form, Z 
is a 3-form and F is a 4-form on M^, respectively. 

The Bianchi identities of (massive) IIA supergravity can now be rewritten 
as differential relations of the fields on as 


dZ = 0 , d{A^W) = 0 , dS = Sd^ , 

dF = d<^ AF + SZ + ASWe-^ A e" A dz , dY = d<^ AY + Z A F , 
dX = -iA-'^dAAX + d'^ AX-WF. (3.3) 


The Bianchi identity involving dF is consistent if either F = 0, or IT = 0. 
Therefore there are two distinct AdSs backgrounds to consider. One is a stan¬ 
dard IIA supergravity background with a non-vanishing component for iJ on 
AdSa or a massive IIA supergravity background with F[ that has components 
only along 

Decomposing the field equations of (massive) IIA supergravity for the fields 
(EH), one finds that 


= -3A-ia,A5*$ -f 2{d^f - ^Z^ + ilT^ -t -t ^F^ + ^Y^ - jX^ , 

12 2 4 8 96 4 

= -3A-^d^AH,,k + + SF,, , 

= -3A-^d^AF,, + d^mj - WX, - , 

= d,<l>X^-*7(2AY) , 

V%ke = -3A-^d^AYjk{ + + *7(^ A A - WY),,k , (3.4) 


and that the Einstein equation separates into an AdS component. 


V^lnA = -^A-^ 


(3.5) 


and a transverse component. 


= 3ViVjlnA + 3A- 


-^d,Ad,A + - ^Y% 


(3.6) 


^X%, - 




If^- 

2 


- If^^ - 2V,V,$ , 


where V and R^p are the Levi-Civita connection and the Ricci tensor of M^, 
respectively. The latter contracts to 

F(7) ^ 3v2inA + 3A-2(dy4)2-Hlz2-l5'2-lF2 + —y2-f-A2-2V2$ 

4 4 8 96 4 

= - QA-‘^{dAf + 12A-^diAd^<^ - 4{d^f + -^Z^ + 

12 2 
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(3.7) 




This form of the Ricci scalar is essential to establish the maximum principle 
formulae necessary for identifying the Killing spinors with the zero modes of 
Dirac-like operators. 


3.2 Local aspects: solution of KSEs 

3.2.1 Solution of KSEs along AdSa 

The gravitino KSE along the AdSa directions gives 


+ A ^ —£i_)ezp — 0 

dre± - A“^r_2S+ezp = 0 

clzCi - S±e± -I- 2r£“^A“^r_2S+ezp = 0 


(3.8) 


where 

H* = + ^^0Ar. ± lAwrn - lAsr. - lAfr.rn - j^AVr^ I^aX. 

(3.9) 

As in the AdS 2 case, we integrate these equations along r and u, and then along 
z. First observe that 


0 + = A-ir,s+ , 0 _ = A-ir,(s_ - r^), ( 3 . 10 ) 

and that 

s±r,+ + r,+s^ = 0, (3.11) 

s±r,_ + r,_5^ = 0 . (3.12) 

Integrating along the r and u coordinates, one finds that the Killing spinor can 
be expressed as in (EH). To integrate along z first note that the only AdS-AdS 
integrability condition is 

(S±2±riS±)e± = 0. (3.13) 

Using this, one finds that the integration along z yields 

r]± = a± + , (3.14) 

where 

S±a± = 0 S±r± = Tr\± , (3.15) 

and cr±, T± are 16-component spinors counted over the reals, r±tT± = r±T± = 0, 
that depend only on the coordinates of M^. 

Combining all the above results together, one finds that the solution of the 
KSEs along AdSa can be written as 

e = e+-I-e_ = (T+-I-e“'^r+-I-tT_-I-e'^T- 

— i~^rA~^e~^T-^T+ , (3.16) 

where the dependence of e on the AdSs coordinates (u, r, z) is given explicitly 
while the dependence on the coordinates y of M'^ is via that of (J±,t± spinors. 
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3.2.2 Remaining independent KSEs 

As we have seen the KSEs of (massive) IIA supergravity have been solved pro¬ 
vided that one imposes the additional conditions (13.1511 . It is convenient to 
interpret these as new additional KSEs on In order to describe simultane¬ 
ously the conditions on both the a± and t± spinors, we write x± = and 

introduce 

= Ty^ + \$AT,±-^AWT^^-^ASV, 

T \At. (3.17) 

where c = 1 when x± = cr± and c = — 1 when x± = t'±- 
Using this, the remaining independent KSEs are 

V,^^^X± = 0, A(±)x±=0, B(±)x±=0, (3.18) 

where 

= V, + , 

^(±) = T 

+|s + 2^r„ + Ey±ijtr,, (3.19) 

and where 

= ±\A-^d,A + ± .(3.20) 

It is clear that the first two equations in (13.181) are the restrictions imposed 
on x± from gravitino and dilatino KSEs of (massive) IIA supergravity on M^, 
while the last equation has arisen from the integration of the supergravity KSEs 
on AdSa. All the other integrability conditions that arise in the analysis follow 
from (13.181) . the Bianchi identities and the field equations. 

3.2.3 Counting supersymmetries 

The number of supersymmetries preserved by AdSa backgrounds is the 

number of solutions of the KSEs (13.1811 . Thus 

N = N+ + N_ = +Nr^) + +Nr_) , (3.21) 

where and Nt^ denote the number of a± and t± Killing spinors, respec¬ 
tively. To prove that AdSa backgrounds preserve an even number of supersym¬ 
metries as stated in (ED observe that if X-j for X- = o'- or x- = t_, is a 
Killing spinor, ie it solves all the three equations in (I3.18|l . then 

X+=A-ir+,x-, (3.22) 

also solves the KSEs (13.181) . Vice versa if x-i- solves the KSEs in ()3.18|1 , then 

X- = Ar_,x+ , (3.23) 

also solves the KSEs. Therefore N+ = V_ and so N = 2V_ which establishes 
ED- Observe also that if Ncr^,Nr_^ ^ 0 or Na_,Nr_ ^ 0, then N = 2{Nu_ + 
Nr_ ) which refines (HID- 
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3.3 Global aspects 

Here we shall demonstrate that the Killing spinors can be identified with the 
zero modes of a suitable Dirac-like operator on We shall demonstrate this 
using the Hopf maximum principle as for the case of AdS 2 M® backgrounds. 

As we have already mentioned the Bianchi identity for F in (13.31) implies that 
there are two different AdSa x^, backgrounds to consider depending on 
whether the mass term vanishes and FI is allowed to have a component along 
AdSa, or the mass term does not vanish and H has components only along 
. Unlike the local analysis we have presented so far, the proof below of the 
Lichnerowicz type theorems is sensitive to the two different cases and they will 
be investigated separately in appendix |B] However, the end result is the same 
including coefficients in some key formulae. Because of this and to save space, 
we shall present them together in the summary of the proof described below. 

Furthermore, an argument similar to the one we have presented for AdS 2 
backgrounds implies that for smooth solutions A does not vanish at any point 
on M’’. This is based on the investigation of the field equation for A. 

3.3.1 Lichnerowicz type theorems for (j± and t± 

To begin let us introduce the modified parallel transport operator 

- ^T,A^+\ (3.24) 

and the associated Dirac-like operator 

#+) = . (3.25) 

It is clear that if x+ is a Killing spinor, for x+ = 0 "+ or x+ = ie satisfies 
the conditions (13.1811 . then = 0- To prove the converse suppose that 

= 0, then after some computation which utilizes the field equations, 
Bianchi identities (and has been presented in appendix |5]) , one can establish 
the identity 

II x+ f + (3A-^d.A - 2a.<I>)V* II x+ f =11 VWx+ f +y II A-ir,B(+)x+ f 
+ ^(A-ir,B(+)x+, A(+)x+) + y II f • (3.26) 

First observe that the right-hand-side of the above expression is positive semi- 
definite. Applying the maximum principle on || y_i_ |P, one concludes that 
V(+)x+ = B^+^X+ = .T(+)x-e = 0 and that 

II x+ 11= const. (3.27) 

Therefore x+ is a Killing spinor. Thus provided that the fields and satisfy 
the conditions for the maximum principle to apply, we have established that 

vi+)x+ = 0, B(+)x+=0, A(+)x+ = 0^^(+)x+ = 0 . (3.28) 

It is remarkable that the zero modes of satisfy all three KSEs. 

Although we have presented Lichnerowicz type theorems for cr+ and r_|_ 
spinors, there is another similar theorem for cr_ and r_ spinors. This can be 
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established either by a direct computation or by using (13.231) which relates the 
X+ with the X- spinors. For this observe that in addition to the KSEs, the Clif¬ 
ford algebra operation AT-^ intertwines between the corresponding Dirac-like 
operators and 

3.3.2 Counting supersymmetries again 

A consequence of the theorems of the previous section is that the number of 
supersymmetries of AdSa x^, M'^ backgrounds can be counted in terms of the 
zero modes of the Dirac-like operators In particular, one has that 

IV = 2(dimKer^^“^|c=i -I- dimKer^^“^|c=-i) . (3.29) 

It is likely that the dimension of these kernels, as the dimension of the Kernel 
of the standard Dirac operator, depend on the geometry of , ie they are not 
topological. 

4 AdSq Xu, 

4.1 Fields, Bianchi identities and field equations 

The fields of AdS 4 x^j backgrounds are 

ds^ = 2e+e-+A^{dz^ + e^^^‘^dx^) + ds^{M^), 

G = Ae~ Adz A dxX + Y , 

H = H, F = F, <^> = <^>, S = S, (4.1) 

where A, X, $ and S are functions, F is a 4-form, H is a. 3-form and F is a 

2 -form on M®, respectively, and 

2 

6 += dw , e~ = dr + rh , h =--dz — 2A~^dA, A = 0. (4.2) 

A is the warp factor. The dependence of the fields on the AdS 4 coordinates 
(m, r, z, x) is given explicitly, while the dependence of the fields of the coordinates 
y of M® is suppressed. 

The Bianchi identities of (massive) IIA supergravity impose the following 
conditions on the various components of the fields. 


dH = 0 , dS = Sd^ , dF = d<^ AF + SH , 

dY = d<^ AY + H AF , d{A^X) = A'^d^ . ( 4 . 3 ) 

Similarly, the field equations of the fluxes of (massive) IIA supergravity give 

= -dA-^d^Adi^ + 2(d$)2 -p -52 -p + —Y"^ - -X^ , 

4 8 12 96 4 

= - 4 A-^d’^AH,,k + + SF,J + , 

= -4A-^d^AF,j + d^4>F,j - , 

= -4A-^d^AY,jki+d^‘^>Y,jki , ( 4 . 4 ) 
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and the Einstein equation separates into an AdS component, 


VMnA = -4A-2(dA)2+2A-^5*Aa*$ +— 

96 

+ (4.5) 

4 4 8 

and a component on M®, 

i?g) = 4V.V, In A + 4A-^dad,A + + ^X% 

- - 2V.V,<I> , (4.6) 

where is the Ricci tensor of M®. The latter contracts to 

i?(®) = 4v2lnA + 4A-2(dA)2 + —+-A^ --52 + _ iic 2 _ 2 v 2 $ 

48 2 2 4 4 

= -Ur'^A-'^ - 12A-‘^{dAf + —Y^ + 3X^ - 3S^ + —H^ 

^ ' 24 12 

+ 16A-^d^Ad^<4>-4{d<4>f. (4.7) 

This expression for the Ricci scalar is used in the proof of the Lichnerowicz type 
theorems for these backgrounds. 

4.2 Local aspects: Solution of KSEs 

4.2.1 Solution of KSEs on AdS 4 

The KSEs of (massive) IIA supergravity along the AdS 4 directions give 

dui± + A .^_)e;p = 0, 

i9re± - A“^r_z5+ezp = 0, 

9ze± - 2±e± + 2rf“^A“^r_z5+e=p = 0, 

dx^+ + e^/^rza;^+e+ = 0 , 

9,e_+e^/^rz45_-ri)e_ = 0, (4.8) 

where 

H* = + \$AT. - \aST, - 1.4/rjn - :T_4rr.. T \axT.. (4.9) 

Using 

■^±1^2:++ rz4_.^zp = 0, ^iEz-+ rz_.=.=p = 0 , 

SiTza: + rz3,S± = (4.10) 

one finds that there is only one integrability condition along all AdS 4 directions, 

(S±"±ri5±)e± =0 . (4.11) 

Thus, we can easily integrate the KSEs along AdS 4 . In particular, the integra¬ 
tion along r, u and z proceeds as for the AdSs backgrounds. Then integrating 
along X, we find that the Killing spinors can be expressed as 
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e = e+ + e_ = (T+ - £ + e « t+ + (t_ + (t_ - ^ ^xT^zf^-) 

-r'^uA-^T+z(T- - r^rA-^e-^T_zT+ , (4.12) 

where 

S±a± = 0 S±r± = Tr^T± , (4.13) 

and cr± and t± depend only on the coordinates of M®. Observe that a± and t± 
are again 16-component spinors counted over the reals. 

4.2.2 Remaining independent KSEs 

Having integrated the KSEs of (massive) llA supergravity along the AdS 4 , it 
remains to identify the remaining independent KSEs. For this, let us collectively 
denote (cr±,T±) with x±- It is also convenient to view (14.131) as additional KSEs 
on M®. Investigating the various integrability conditions that arise, one finds 
that the remaining independent KSEs are 

vr^x± = 0, A(±)x±=0, l(±)x±=0, (4.14) 

where 

= V, + , 

.4<±> = ^4. + l#r„ + |s + 5fr„ + lyTl.Yr,,, 

1^=^) = T— + -^AF^ - -AST^ - —AJ^F^Fii 

^2£ 2^8 16 

- —A>^r^ =F -AAF,, , (4.15) 

192 ^ 8 ’ ^ ^ 

and where 

= ±^5,A -t -.^.Fii -h isT, -t —fFJii -h —fFi =F . (4.16) 

* 2A 8 8 16 192 8 

The constant c in is chosen such that c = 1 for x± = <^± and c = — 1 
for x± = T±- Clearly, the first two equations in (14.1411 arise from the gravitino 
and dilatino KSEs of (massive) llA supergravity as adapted on the spinors x±, 
respectively. The last equation in (14.141) implements (I4.13P on the spinors. 

4.2.3 Counting of supersymmetries 

The number of Killing spinors of AdS 4 backgrounds is 

N = N++N_ = +NrJ + (N^_ +Nr_) , (4.17) 

where JV^-^ and ]Vt-± denote the number of a± and t± Killing spinors, respec¬ 
tively. 

As for AdSa backgrounds one can verify by a direct computation that if 
X- is a Killing spinor, ie solves (I4.14L then x-i- = A^^F+^x- is also a Killing 
spinor, and vice-versa if x+ is a Killing spinor, then x- = AF_zX+ is also a 
Killing spinor. Furthermore, one can also verify that if t± is a Killing spinor, 
then 


cr± = TxzT± , 


(4.18) 
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is also a Killing spinor, and vice versa if a± is a Killing spinor, then 


T± = , (4.19) 

is a Killing spinor. As a result of this analysis, = Nt^ = N„_ = Nr_ and 
so 


N = 


(4.20) 


verifying (HH). 

4.3 Global aspects 

As in all previous cases, one can demonstrate that if the fields are smooth, then 
A does not vanish at any point of M®. The argument is similar to that presented 
in the previous two cases and so it will not be repeated here. 

4.3.1 Lichnerowicz type theorems for cr± and r± 

The Killing spinors a± and t± of AdS 4 backgrounds can be identified with 
the zero modes of a Dirac-like operator on M®. To determine this Dirac-like 
operator first define 

. (4.21) 

o D 


and the associated Dirac-like operator 



^(±) ^ ^ y(±) _ 2yi-ir^B(±) 

-aw . 

(4.22) 

Then one can establish that 



vr^x± = 0, bWx±=0, 

^(±)x± = 0 . 

(4.23) 


It is apparent that if x± = {^±iT±) 8.re Killing spinors, then they are zero 
modes of The task is to demonstrate the converse. We shall do this first 

for x+ spinors. In particular let us assume that = 0- Then after some 

extensive Clifford algebra calculus which is presented in appendix [C] and after 
using the Bianchi identities and the field equations, like (EZl), one can show that 

II x+ ||2 +(4A-idM - 2a*$)V, II x+ |p=|| v(+)x+ f 
+ y II A-ir,B(+)x+ f +^(A-ir,B(+)x+,.4Wx+) 

+ ^ II f • (4.24) 

First observe that the right-hand-side of the above expression is positive semi- 
definite. Assuming that M® and the fields satisfy the requirements for the ap¬ 
plication of the maximum principle to apply, eg M® compact without boundary 
and fields smooth, one concludes that x+ is a Killing spinor and in addition 

II X-e 11= const . (4.25) 

This proves (14.231) for the X-i- spinors. 


15 




To prove (14.231) for the X- spinors, one can either perforin a similar com¬ 
putation to that of the x+ spinors or simply use the relation x- = ^^-zX+ 
between x+ s-nd X- spinors and observe that the Clifford algebra operation 
AT-z intertwines between the Killing spinor equations and the Dirac-like oper¬ 
ators. In particular, the analogous maximum principle relation to (14.2411 for x- 
spinors can be constructed from (14.241) by simply setting x+ = A~^T^zX-- 

4.3.2 Counting supersymmetries again 

A consequence of the theorems of the previous section is that one can count 
the number of supersymmetries of AdS 4 x^, Af® backgrounds in terms of the 
dimension of the Kernel of operators. In particular, one has that 

N = 4dimKer.^*'“^|c=i . (4.26) 

As dimKer.^(“)|c=i = dimKer^(“^|c=-i = dimKer^*^+)|c=i = dimKer.^(+)|c 

one can use equivalently in the above formula the dimension of the Kernels of 
any of these operators. 

5 AdS„ n > 5 

5.1 Fields, Bianchi identities and field equations 

For all AdSra n > 5, backgrounds, the form fluxes have non-vanishing 

components only along In particular, the helds can be expressed as 

n—3 

ds^ = 2e+e- + A^{dz^ + Y^{dx<^f) -b , 

a—1 

G = G, H = H, F = F, $ = $, S = S, (5.1) 

where A, <I> and S are functions, G is a 4-form, H is a, 3-form and A is a 2-form 

on M®, respectively, and 

2 

e'^ = du , e~ = dr + rh , h = ~jdz — 2A~^dA, A = 0 . (5.2) 

A is the warp factor and i is the radius of AdS„. The dependence of the fields 
on the AdS 4 coordinates (m, r, z, a:“) is given explicitly, while the dependence of 
the fields of the coordinates y of is suppressed. Clearly additional fluxes 

will vanish for large enough n, eg AdSr backgrounds cannot have 4-form fluxes, 
G = 0. 

The Bianchi identities of the (massive) IIA supergravity give 

dH = 0 , dS = Sd^ , dF = d<S> AF + SH , 

dG = d<S> AG + H AF . (5.3) 
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Furthermore, the field equations of (massive) IIA supergravity give 


+ 2 ( fi $)2 + ^ S '2 1^2 _ 1 ^2 1 (^2 ^ (5 4 ^ 

4 8 12 96 

= -nA-^d'^AH,jk + 2d^<PH,jk + SF,, + , (5.5) 

= -nA-^d^AF,, + , (5.6) 

= —uA ^d^AGijki + d^^Gijke , (5.7) 


and the Einstein equation separates into an AdS component, 

in A = -(n - 1)£-2A-2 - nA-'^{dAf + 2A-^a*A5*$ + —G^ + -S"^ + 

96 4 8 

(5.8) 

and " component, 

= nV, V, In A + nA'^a, Aa, A + ^G?^ - ^G^d,, (5.9) 

~ 4*^ ~ “ 2ViVj$ , 


where is the Ricci tensor of ". The latter contracts to 


^(lo-n) ^ „v2lnA + nA-2(dA)2 + I^G2-i^A2 + lij2 

' ^ 96 4 4 

n — 6 


-F^ - 2V2$ 


-n(n-l)^ ^A ^-n(n-l)A ^(dA)^ + 


-H-H-F^ 

2 12 4 

+ 4nA-ia*Aa*$-4(d$)2 . 
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(5.10) 


The expression for the Ricci scalar is essential for the proof of the Lichnerowicz 
type theorems below. 


5.2 Local aspects: Solution of KSEs 

5.2.1 Solution of KSEs along AdS„ 

The gravitino KSE of (massive) IIA supergravity along the AdS„ directions 
gives 


where 


3«e± + 

dz^± - 2±e± 
9„e_ 4 


A-^T+,{(.-^-I 
dre± — A“^r_2 
+ 2rr^A-ir_, 


= T 


2f 


+ ~ ■ W 


:_)e^ 

= 0, 



= 0, 



= 0, 


=+e+ 

= 0, 



= 0, 

(5.11) 

ATii - 

- — A(2T^ . 
192 

(5.12) 
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Using the identities, 


^±r2+ -b r2+.^zp — 0 , 

(5.13) 

+ r^_.:izp = 0 , 

(5.14) 

s±r^a + r^aS± = 

(5.15) 

ones finds that all these equations can be solved provided the integrability con- 

dition 


(S±^ ± £“^S±)e± = 0 , 

(5.16) 

is satisfied. In particular, one finds that the Killing spinor can 

be expressed as 

n—3 

n—3 

e = e++ e-= a+- l~^'^^x°‘TazT++ e~TT++ a-+ eT (t- 

_ - r 1 ^ X^Taz> 

d— 1 

— ^“^uA“^r+^cr_ — ^~^rA~^e~1T-zT+ , 

CL — \ 

(5, 

where 


E±a± = 0 S±T± = , 

(5.18) 


and a± and t± are 16-component spinors depending only on the coordinates 
of The dependence of the Killing spinors on the AdS„ coordinates is 

given explicitly while that of the coordinates y of is via the a± and t± 

spinors. 

5.2.2 Remaining independent KSEs 

Having solved the gravitino KSE along AdS^,, n > 4, to count the number 
of supersymmetries preserved by these backgrounds, one has to identify the 
remaining independent KSEs. There are several integrability conditions which 
have to be considered. However after using the field equations and the Bianchi 
identities, one finds that the remaining independent KSEs are 

Vr^X±=0, A(±)x±=0, bWx±=0, (5.19) 

where 

= V, + , 

^(±) = 0q>+^]^rn + ls+^frn + ^0) 

- Ia^T, - Jn - , (5.20) 

and where 

'f'P = + ^0T. . (5.21) 

We have also set x± = (o'±)'r±)) and c = 1 whenever x± = (^± and c = — 1 
whenever x± = t±. 

The first two KSEs in (15.191) arise from gravitino and dilatino KSEs of (mas¬ 
sive) HA supergravity as they are implemented on x±: respectively. The last 
equation in (15.191) is the condition (15.181) which is now interpreted as addi¬ 
tional algebraic KSE. All the remaining integrability conditions are implied 
from (I5.19|) . the Bianchi identities and the field equations. 
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5.2.3 Counting supersymmetries 

As in previous cases, the number of supersymmetries N of AdS„ backgrounds 
is 


N = N++N_ = +Nr^) + {N,_ +Nr_) , (5.22) 

where and Nt^ denote the number of a± and t± Killing spinors, respec¬ 
tively. 

A direct inspection of the remaining independent KSEs (15.191) reveals that 
if X- is a solution, then so is x+ = vice-versa if x+ is a 

Killing spinor, then y_ = Ar_zX+ is also a Killing spinor. Therefore iV+ = 
iV_. Moreover to count the number of supersymmetries it suffices to count the 
number of X- spinors. 

Furthermore if t_ is a Killing spinor, then cr_ = T^zT- is also a Killing 
spinor, and vice versa if ct_ is a Killing spinor, then r_ = TazCf- is a Killing 
spinor. Thus Ncr_ = Nr_ and so N = • Therefore, it remains to count the 

number of cr_ Killing spinors. 

For this observe that if cr_ is a Killing spinor, then 

o-'_ = TabCr- , a <b , (5.23) 

is also a Killing spinor. To find Ncr _, one has to count the number of linearly 
independent {a,TabO'-),a < b spinors. This depends on n. For n = 5, a,b = 

1.2 and (ct, ri 2 cr) are linearly independent. Thus AdSs backgrounds preserve 
N = 8k supersymmetries. Next for n = 6 , a, 5 = 1, 2,3 and (cr, ri 2 cr, Tiacr, r 23 cr) 
are linearly independent. Thus AdSe backgrounds preserve N = I6k supersym¬ 
metries. To continue for n = 7, a,5=l,2,3,4. It turns out that in this case 
the Clifford algebra operation T 1234 commutes with all KSEs and therefore one 
can impose consistently ri 234 cr^ = icr^, ie one can restrict (t_ to lie in one of 
the eigenspaces of ri 234 . In such a case, there are only 4 linearly independent 
spinors ((T_,Tabcr-), a <b. Thus AdSr backgrounds again preserve 16A: super- 
symmetries. These results confirm the counting of supersymmetries as stated 
in ()l.ip . 

There are no AdS„, n > 7 backgrounds. This can be seen as follows. If the 
counting of supersymmetries proceeds in the same way one can show that all 
such backgrounds preserve 32 supersymmetries. The maximally supersymmetric 
backgrounds of (massive) IIA supergravity have been classified in m and they 
do not include AdS„ spaces. The same result can be used to rule out 

the existence of AdSy backgrounds that preserve 32 supersymmetries. 

5.3 Global aspects 

5.3.1 Lichnerowicz type theorems for a± and t± 

As in all previous cases, the Killing spinors x± of the AdS„, n > 4, backgrounds 
can be identified with the zero modes of a suitable Dirac-like operator. To prove 
this first define 

_ n — 2 ^-ip jj(±)_r 15 241 

* * 10 -n “ 10 -n * ’ ^ 
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and 


Qj{±) ^ ^ y(±) _ . (5.25) 

Then one can show that 

vWx± = 0, ^(^^x±=0, B^xi = 0 . (5.26) 


Clearly the proof of this statement in the forward direction is straightforward. 
The main task is to prove the converse. It suffices to show this for x+ spinors. 
This is because the Clifford algebra operations x+ = ^~^^+zX- and X- = 
AT-zX+ which relate these spinors intertwine between the corresponding KSEs 
and the Dirac-like operators. 

Next suppose that x-i- is a zero mode of the operator, ^(+ix-i- = 0- 
Then after some computation which is presented in appendix |D] which involves 
the use of the field equations and Bianchi identities, one finds that 


V^llx+f + {nA-^d,A - 2a,<I>)Vlx+f = 


-f 


16(n-2) 


10 — n 
2 
-f 


A-^T: 


x+ 


+ 


4(n- 2) 
10-n 


10 — n 




X+ 


Vx-i- 

(ki-ir,B(+)x+,^(+)x+) 

(5.27) 


To proceed one has to solve the above differential equations. For this observe 
that if the fields are smooth A does not vanish at any point of The 

proof of this is similar to that presented in the previous cases. Furthermore, the 
right-hand-side of ()5.27ll is positive semi-definite. Thus if and the fields 

satisfy the conditions for the application of the maximum principle, eg 
compact without boundary and the fields smooth, then the only solution of this 
is that x+ is a Killing spinor and that 

llx-i-11^ = const . (5.28) 


This completes the proof of the theorem. 


5.3.2 Counting supersymmetries again 

A consequence of the results of the previous section is that the number of su¬ 
persymmetries of AdS„ Xu, backgrounds can be expressed in terms of 

the dimension of the Kernel of operators. In particular, one has that 

N = 4 dimKer |c=i . (5.29) 

Equivalently, N can be expressed in terms of dimKer |c=-i, dimKer |c=i 
and dimKer |c=-i as all these numbers are equal. Furthermore dimKer |c 
has multiplicity 21^1“^. This can be seen by an analysis similar to that we have 
done for the counting the supersymmetries of these backgrounds in section [5.2.3l 


6 Flux Xy; backgrounds 

In the limit of large AdS radius £, AdS„ become warped flux R"~^’^Xu, 

Xf lo-n backgrounds. Furthermore all the local computations we have performed 
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AdSn 

N 

n = 2 

2k, k< 15 

n = S 

2k, k< 15 

n = 4 

4k,k<7 

n = 5 

8k, fc < 3 

n = 6, 7 

16 

n > 7 

- 


Tablei. The number of supersymmetries N of AdSn x-w backgrounds are 

given. For AdS 2 x™ M®, one can show that these backgrounds preserve an even 
number of supersymmetries provided that M® and the fields satisfy the maximum 
principle. For the counting of supersymmetries of the rest of the backgrounds such 
an assumption is not necessary. The bounds on k arise from the non-existence of 
supersymmetric solutions with maximal supersymmetry. For the remaining fractions, 
it is not known whether there always exist backgrounds preserving the prescribed 
number of supersymmetries. Supersymmetric AdSn, n > 7, backgrounds do not exist. 


for AdS„ Xyj backgrounds are still valid after taking £ —i- oo and so they 

can be used to investigate the x^ backgrounds. These include 

the expressions for the fields, Bianchi identities, field equations as well as the 
local solutions to the KSEs, and the determination of the independent KSEs on 

However, there are some differences as well. First the counting of super- 
symmetries is different. This is because the criteria for the linear independence 
of the solutions of the KSEs on for AdS„ x^, backgrounds are 

different from those of R"~^’^ x^ backgrounds. Secondly, the global 

properties of the KSEs for AdS„ x^, and R"~^’^ x^, backgrounds 

are different, which originates in differences between the regularity properties of 
AdS„ Xu, and x^ backgrounds. It is well known for ex¬ 

ample that there are no smooth flux compactifications of supergravity theories 
to with a compaclH internal space 

6.1 Non-existence of flnx R” " backgronnds and 

maximum principle 

One of the main properties of AdS backgrounds is that the warp factor A can be 
no-where vanishing even if is compact. This is essential for the regularity. 

As we have seen, this property relies on the radius £ of AdS and it is no longer 
valid in the limit £ —>■ oo. 

In fact one can show that the only x^, backgrounds of (mas¬ 
sive) IIA supergravity for which the fields and are chosen such that the 

maximum principle applies are those for which all fluxes vanish, and the dilaton 
and warp factor are constant. To see this, observe that the field equation of the 
warp factor A in all cases can be rewritten as a differential inequality 

V^lnA-bfe^ailnA = S > 0 , (6.1) 

for some b which depends on A and the dilaton and E which depends again 
on the helds. Therefore it is in a form that the maximum principle can apply. 

®We shall demonstrate below that the same conclusion applies under a weaker hypothesis. 
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Assuming that the maximum principle applies, the only solution of this equation 
is that A is constant and S = 0. The latter condition in turn gives that all the 
fluxes must vanish apart from the component of JI on and the dilaton 

which are not restricted. However the vanishing of the rest of the fields turns 
the field equation for the dilaton into a maximum principle form. Applying the 
maximum principle again for this, one finds that the dilaton is constant and the 
component of H on vanishes as well. Therefore there are no warped flux 

j^io-n backgrounds which satisfy the maximum principle. Observe 
that this result applies irrespective on whether the solution is supersymmetric 
or not. 

In the context of flux compactifications based on M” x^, this no- 

go theorem may be circumvented in various ways. One way is to take to 

be non-compact. Another way is to no longer assume that various fields satisfy 
the properties required for the maximum principle to hold, by weakening the 
assumption of smoothness. One can also add brane charges which modify the 
Bianchi identities and the field equations, and/or add higher order corrections. 
However here we shall focus on the properties of supergravity and we shall 
simply assume that the fields and do not satisfy the requirements for 

maximum principle to apply. 

6.2 Supersymmetry of flux ” backgrounds 

6.2.1 

The proof that AdS 2 x„, M® backgrounds preserve an even number of supersym¬ 
metries relies on the maximum principle which is not applicable to R^’^ x^, M® 
supergravity backgrounds. Because of this, we cannot establish in generality 
that flux R^’^ Xu,M® backgrounds preserve an even number of supersymmetries. 
Nevertheless some supersymmetry enhancement is expected. In particular, we 
have seen that it is a property of (massive) HA supergravity that if rj- is a 
Killing spinor then is also a Killing spinor. Supersymmetry en¬ 

hancement takes place whenever rj- ^ Ker0_ and so ?;+ ^ 0. However there is 
no general argument which leads to 77 + 7 ^ 0 and so this has to be established on 
a case by case basis. 

The general form of the Killing spinor is 

e = ?7+ -I- 77_ -I- ur+0_77_ -I- rr_0+?7+ , (6.2) 

for a general choice of r]± . To establish the above expression from that in (12.61) 
for AdS 2 backgrounds, we have taken the limit £ ^ 00 and we have used the 
integrability conditions of the KSEs stated in m which read 

r^0±r±0^7?^ = 0 . (6.3) 

These are automatically satisfied as a consequence of the independent KSEs on 
M® (12. 8 L the Bianchi identities and the field equations. Note that the Killing 
spinor e is at most linear in the coordinates (w, r) of R^’^. This conclusion arises 
from the general analysis we have done and it is contrary to the expectation 
that the Killing spinors of flux R^’^ x^, M® backgrounds do not depend on the 
coordinates of R^’^. Notice also that e does not depend on {u,r) whenever r]± 
are in the Kernel of 0±. We shall further comment on these below. 


22 


6 .2.2 

The solution of the KSEs (I3.8|) in the limit £ —>■ oo is 

e = cr+ + cr_ + mT+^S-CT- + rr_zE!+tT+ + 2;(S+cr+ + S_tT_) , (6.4) 

provided that the integrability conditions 

(S±)V± = 0 , (6.5) 

are satisfied, where a± depend only on the coordinates of . Moreover nec¬ 
essary and sufficient conditions for e to be a Killing spinor are that a± must 
satisfy the KSEs (13.1811 on . 

Comparing the above result with that for AdSa x^, backgrounds, one 
notices that the t± spinors do not arise. This is because the t± spinors are not 
linearly independent from the cr± ones for x^, backgrounds. The same 
applies for the rest of x^, backgrounds and so the explanation 

will not be repeated below. 

To count the number N of supersymmetries preserved by the M ’ x^, 
backgrounds, first observe that N = Na _, where and A^cr_ is the 

number of ct+ and tT_ Killing spinors, respectively. Then notice that if (T_ is 
a Killing spinor, then tT+ = A“^r_|_ 2 tT_ is also a Killing spinor, and vice versa 
if cr+ is a Killing spinor then tT_ = AT-zO'-^ is also a Killing spinor. Therefore 
, and so N = 2N(j _, ie the M ’ x^, solutions preserve an even 
number of supersymmetries confirming (O. 

6.2.3 

The solution of the KSEs (14.81) in the limit £ ^ oo is 
e = cr+ -I- CT- -I- ur+zS_cr_ -I- rr_2S+cr+ -|- (z -|- xTxz){^+c^+ + S-CT-) , (6.6) 
provided that the integrability conditions 

(S±)V± = 0 , (6.7) 

are satisfied, where (7± depend only on the coordinates of M®. Moreover nec¬ 
essary and sufficient conditions for e to be a Killing spinor are that a± must 
satisfy the KSEs (14.1411 on M®. 

The number of supersymmetries preserved by the x^, M® backgrounds 
is = Ncr^ + Na_ where and is the number of cr+ and (T_ Killing 
spinors, respectively. Furthermore as in the R^’^ Xu,M^ case above = N^_. 
In addition, if a± is a Killing spinor so is = Tzx<y±- As a result are 
even numbers. Thus R^’^ x^, M® backgrounds preserve 4fc supersymmetries 
confirming (O. 

6.2.4 R”“^’^ x„ Ml®-’" for n > 5 

The solution of the KSEs (15.111) in the limit £ ^ oo is 

n—3 

e = cr+ -I- cr_ -I- uF+zE-a- + rT-z'^+cr+ + (-^ + ^^ x°-Faz)('E,+a+ + S_cr_) ,(6.8) 

a=l 
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provided that the integrability conditions 

(S±)V± = 0 , (6.9) 

are satisfied, where a± depend only on the coordinates of Moreover 

necessary and sufficient conditions for e to be a Killing spinor are that a± must 
satisfy the KSEs (15.1911 on 

To count the number of supersymmetries preserved by these backgrounds 
observe that N = Ncr^ + N„_ and that = Na_ as in previous cases. 
Therefore it suffices to count the multiplicity of (T_ Killing spinors. For this 
notice that for backgrounds, the z coordinate can be treated in 

the same way as the x°' coordinates. As a result let us denote with x°' = {z, x°‘) 
all the coordinates of transverse to the lightcone. Furthermore observe 

that if (T_ is a Killing spinor so is Va'b'O'- for a' < b'. Therefore it suffices 
to count the linearly independent cl' < b' spinors in each case. 

For the analysis that follows, we shall choose directions for convenience and 
therefore the analysis is not fully covariant. However, it can be made covariant 
as that presented in m- 

For M Xiu a direct computation reveals that there are 4 linearly inde¬ 
pendent {a-jTa'b'CC-), a' < b', a',b' = 1,2,3, spinors leading to the conclusion 
that such backgrounds preserve N = 8k supersymmetries. 

For x^ M^, one can impose the projection ri 234 cr^ = ±cr^ as a',b' = 
1,2,3,4 and since ri 234 commutes with all KSEs. If (t_ is chosen to be in one 
of the two eigenspaces of ri 234 , then only 4 of the (cr_, Ta'^tr-), a' < b', spinors 
are linearly independent. As a result, R®’^ Xj„M^ backgrounds preserve N = 8k 
supersymmetries as well. 

A similar argument implies to the counting of supersymmetries for R®’^ 

backgrounds. Imposing that cr_ lies in one of the eigenspaces of F 1234 , only 8 
of the spinors (cr_, Ta/ycr-), a' < 6 ', a', b' = 1,2, 3,4, 5 are linearly independent. 
Therefore these backgrounds preserve 16fc supersymmetries. 

For R^’^ Xuj backgrounds, (T_ can be chosen to lie in an eigenspace of 
two Clifford algebra operators, say ri 234 and ri 256 . In such a case only 8 of the 
spinors {a-^Ta’b'O'-), a' < b', a', b' = 1,2, 3,4, 5, 6 are linearly independent and 
so such backgrounds also preserve 16A: supersymmetries. 

Next consider the R®’^ x^j backgrounds which include the D 8 -brane 
solution. In this case tT_ can be chosen to lie in an eigenspace of T 1234 , T 1256 and 
ri 357 - For such a choice, there are only 8 of the spinors ((t_, Ta'b'cr-), a' < 6 ', 
o', 6 ' = 1,2, 3,4, 5, 6 , 7 are linearly independent. Therefore such backgrounds 
also preserve N = 16k supersymmetries. 

The above analysis confirms (11.21) . It should also pointed out that massive 
IIA supergravity does not have a maximally supersymmetric solution while all 
the maximally supersymmetric solutions of standard llA supergravity are lo¬ 
cally isometric to R®’^ with vanishing fluxes and constant dilaton |15| . This in 
particular implies that N is further restricted. The results have been summa¬ 
rized in table 2 . 
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Xu, 

N 

n = 2 

N <31 

n = S 

2k,k< 15 

n = 4 

4k, k < 15 

n = 5 

8,16,24 

n = 6 

8,16,24 

n = 7,8,9 

16 

n = 10 

32 


Tables. The number of supersymmetries N of x^, is not a priori an even 

number. The corresponding statement for AdS 2 backgrounds is proven using global 
considerations which are not applicable in this case. For the rest, the counting of 
supersymmetries follows from the properties of KSEs and the classification results of 
|15[ I20|. Furthermore, if the Killing spinors do not depend on coordinates, 

then all backgrounds with > 16 are locally isometric to with zero fluxes and 
constant dilaton as a consequence of the homogeneity conjecture EZ]. 


7 On the factorization of Killing spinors 

7.1 AdS backgrounds 

Having solved the KSEs of AdS„ x^j backgrounds without any assump¬ 

tions on the form of the Killing spinors, one can address the question of whether 
the Killing spinors of these spaces factorize as e = V' ® C where 'tp is a, Killing 
spinor on AdS„ and ^ is a Killing spinor on In particular, ip is assumed 

to satisfy a KSE of the type 

V^V' + A7m^ = 0, (7.1) 

where V is the spin connection of AdS^ and A is a constant related to the 
radius of AdS„. This is an assumption which has been extensively used in the 
literature. 

This issue has already been addressed in m and m for the AdS„ back¬ 
grounds of D=ll and IIB supergravities. In particular, it has been found that 
such a factorization does not occur. In addition if one insists on such a factor¬ 
ization, then one gets the incorrect counting for the supersymmetries of well- 
known backgrounds like AdSs x 5® and AdSr x S^. The same applies for the 
backgrounds of (massive) IIA supergravity we have investigated here. After an 
analysis similar to the one which has been performed in m and m. one finds 
that the Killing spinors we have found do not factorize into Killing spinors on 
AdS„ and Killing spinors on 

7.2 Flat backgrounds 

The issue of factorization of Killing spinors for backgrounds 

is closely related to whether the Killing spinors e we have found exhibit a linear 
dependence on the coordinates. This is because if the Killing spinors fac¬ 
torize, then they should not depend on the coordinates of fQj- chosen 

coordinate system. As a± must lie in the Kernel of (S±)^ as a consequence of 
integrability conditions, the Killing spinors e exhibit a M" ’ coordinate depen¬ 
dence, iff (T± ^ KerS±. In many examples we have investigated, a± S Ker (S±)^ 
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implies that a± G Ker S± and so the Killing spinors e do not depend on the 
coordinates of However, we have not been able to prove this in general. 

Suppose that all Killing spinors do not depend on the coordinates of 
If TV > 16, the homogeneity conjecture applied on the KSEs on " 
implies that is homogenous space and all the fields are invariant. In 

particular, A and $ are constant. Then the field equations of A and $ imply 
that for all such backgrounds the fluxes vanish. As a consequence all such 
backgrounds with > 16 are locally isometric to with zero fluxes and 
constant dilaton. 


8 Conclusions 

We have solved the KSEs of all warped flux AdS„ and x^ 

AfiO"" backgrounds without making any assumptions on the form of the fields 
and on that of the Killing spinors apart from imposing the symmetries of AdS„ 
and M" ’ on the former, respectively. This has allowed us to a priori count 
the number of supersymmetries preserved by these backgrounds for all n, and 
to identify the independent KSEs that have to be satisfied on 

Furthermore, we have demonstrated that the Killing spinors of AdS„ x^, 
can be identified with the zero modes of a Dirac-like operator on 
For this we have demonstrated a new class of Lichnerowicz type theorems uti¬ 
lizing the maximum principle. 

We have also explored several other properties like the factorization of Killing 
spinors of AdS„ and x^ backgrounds into Killing 

spinors on AdS„ and respectively, and Killing spinors on We 

have found that in the former case the Killing spinors do not factorize in such 
a way. 

The identification of fractions of supersymmetry preserved by the AdS„ x 
M^-n R"“^’^ Xu, backgrounds is a step forward towards their clas¬ 

sification. It is not a priori obvious that there will be solutions for each allowed 
fraction of supersymmetry. It is known that there are several no-go theorems. 
For example, the (massive) IIA supergravity does not admit maximally super- 
symmetric AdS„ Xu, backgrounds [15]. It is expected that similar theo¬ 

rems will hold for other fractions. A related problem is to identify the geometry 
of the spaces in each case. 

The results of this paper together with those presented in m and m pro¬ 
vide a complete picture of the fractions of supersymmetry preserved by flux 
warped AdS^ and R" backgrounds in both ten and eleven dimensions, as 
well as some of their global properties which include new Lichnerowicz type 
theorems. It is expected that the systematic exploration of these backgrounds 
for each allowed fraction of supersymmetry will have applications in flux com- 
pactification, AdS/CFT, string and M-theory. 
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A Conventions 


A.l Form and spinor conventions 

Our form conventions are as follows. Let w be a k-form, then 


w = A • ■ • A dx"'’ , (A.l) 

and 

dui = A • • • A dx'‘'^+^ , (A.2) 

leading to 


(d^)ii...A+l A t)^[ii^i2...ifc+l] ■ (^-3) 

Furthermore, we write 

Given a volume form dvol = ^ei^,,,i„dx^^ A • • • A dx®", the Hodge dual of uj is 
defined as 


* A X = (X: w) dvol 


(A.5) 


where 


(X,w) = ■^Xn...*fcW®®-®'= . (A.6) 

So 

It is well-known that for every form w, one can define a Clifford algebra 
element t/) given by 


= (A.8) 

where F®, i = 1,... n, are the Dirac gamma matrices. In addition we introduce 
the notation 


(A- = I 

T I, 


r®2. 








(A.9) 


as it is helpful in many of the expressions we have presented. 


A.2 IIA snpergravity conventions 

Our conventions are close to those of [H] and [H]. The bosonic fields of IIA 
supergravity are the metric g, a 2-form field strength F, a 3-form field strength 
H, a 4-form field strength G, the dilaton $ and the massive IIA supergravity 
has another scalar S. In particular, the KSEs of (massive) IIA supergravity are 
the vanishing conditions of 

= Vmc + + I'STmc + l^/’rMFiie + g^($rMe , 
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+ l^e + l/'Fne + 4^(^e ■ 


Ae = 


(A.IO) 


Furthermore, the field equations and Bianchi identities of (massive) IIA super¬ 
gravity are 


and 


1 


-i2 

'‘MAT 


1 


1 


+ T^QMnG -f —gMNS — -^HmN ~ 


, gg 

+ -^9mnF^ + 2'^MdN^ = 0 , 

O 

- 2 (d $)2 - - ^52 = 0 

^ ^ 8 96 12 4 

y^HMNP — 2{d^ ^)Hmnp — ■^GmnpiP 2 F^^^'^ 

—FmnS + * Gmnpi...P 4 G^^ '^* = 0 , 

4o 

V^Fmp - id^<i>)FMP + Igmp.p^p^hP^^^p^ = 0 , 

o 

V GM1M2M3P — {d ^)GmiM2M3P 

~ R* = 0 j 

D 


1 


MN 


(A.ll) 


dS = Sd^ , dH = 0 , dF -d^ AF - HS = 0 , 
dG-d<S>AG-FAH = 0. (A.12) 

Note that the first Bianchi identity can be solved as 5" = e^m, where m is a con¬ 
stant which is related to the cosmological constant of massive IIA supergravity. 


B AdS:^ Solutions 

B.l AdSn backgrounds 

Before proceeding with the AdS^ analysis, it is useful to consider some aspects 
which are common to all AdSn solutions. To prove the formula (11.811 for AdSn 
backgrounds, one defines 


y(+, 91.92) ^ ^(+) ^ g^yl-lr^3(+) + q^T,A^+\ 

(B.l) 

where < 71,92 are constants which will be specified later, 
associated Dirac operator 

Next introduce the 

^(+.91,92) _ piy(+.9i.92) ^ 


(B.2) 

and write for convenience 



^(+.91,92) ^ -^ 92 ^^+^ . 


(B.3) 

Furthermore, we assume that 



^(+.91,92)^^ ^ pi^(+) (10 - 

)x+ = o. 

(B.4) 

Next one expands the Laplacian as 



V2||x+||2 = 2||Vx+f+ 2 (x+,V2x+) 


(B.5) 
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The first term can be evaluated to find 


2||Vx+f = 2 


= 2 


V(+.9 i, 92)^^ ^ V*x+) 

- 2^x+, +r,A(+’«i’«=))x+) 

V(+.9i.92)x+||'-4(x+,«''+^*^V,x+) 

- 2{x+, |'^(+) + r,A(+’«i’«=))x+) , 


while the second term can be rearranged as 

2(x+,VV) =2(x+,r*V.(PV,x+)) + ii?''°-”’llx+f (B.6) 

= - 2(x+, V,(rpvl/(+) + (10-n)rA(+-«i'9=))x+) 

- 2(x+, (rp^''+^ + (10 - n)rA(+'«i’®)) V,x+) , 


upon using 

V"||X+I|' = 2 


2 

y(+.9i,92)^ 


and (M . Thus, we obtain 


+ 



_4vi/(+)d _ 2rT'^dl/j’'"^ 


2(10 - 


(B.7) 


+ 

+ 


2(10-n)<72rM(+)]v,x+) 

{x+. + r,A(+’«i’«"))x+) 

<Jx+, V, [-2rp^'j+^ - 2(10 - n)giA-^r^*B(+) - 2(10 - n)g 2 rM^+)] x+) ■ 


Note that t]^ = and = Tn and so T^ = —Tij. From here on, the 
computation depends on n and it will be explained in each case separately. 


B.2 AdS^: Standard II A solutions with S' = 0 

First, we write the third term of (IB. 71) in the form a*Vi||x+||^ + {x+t^^X+) 
for some Clifford algebra element F which depends on the fields. Expressing 
this term in terms of the fields, and setting n = 3 throughout, one finds 



_4^(+)d _ 2FT^^'j+^ - 14giA-iF^*B(+) - 14g2r*^(+) V,x+) 


= V X+) 


IqiC 


A-^F^* - [3 + 7qi]A-^d^A - [1 + lqi]A-^ {V^A)" 

- 14g2F*^4> - - ^-^i^F^^Fn 


7 qi + 14^2 


IFF^Tii - 


12 

5 + 7gi + 42^2 


F*J^F 


11 


-1 - 7gi - 1492 , -3 + 791 - 1492 

r ^ + i r ft. 


(B.8) 
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Then it can be rewritten in the form required provided that one chooses q 2 = —j 
and gi = i. In particular, 


(^x+, V,x+) 


= {x+, 


li 


- 4A-^d,A - 2A-\r0A)^ + 2rj4> 

-^(r^) Tn + 


v*x+ 


(B.9) 


for 


T= -A-^r, + 2A 


-1; 


- 2# - ^^Tn - ^Wr.Tn , 


(B.IO) 


and ai = —3A ^diA + 29^$. 

Combining the T term with the fourth term in iEZl), we find 




= (x+,-2 


—A-^r^^ + —A-^d^A - —A-^T$"A - -$<^r - —- —r^Tn 
71 7 14 7 28 168 

- rA‘^- 

— —A-^r^i + -A-^diA + —A-^T$iA - + —^.Tn - —r^^Tn 

_ 14£ 7 14 * 7 56 * 84 * 


1 , 5 

— Tti^z - X,T^ 

14 * 28 


X+ 


= \ x+, 


-^71-2 - ^A-^dAf + _ ^(d$)2 + 

- lA-i9,7ir/rn + - l^-^lTTn 

+ - i"-" + + XA-%ArfTn 


- sa*rrr„ - A 


- - -F^ + — 

28^^ 8 112£ ^ " 


+ —A-^diATt" - —d^<^Tt" - 

112 56 42-96 


“ ^rr„ + - Af/r„ 


+|x.Z‘rj„ - X.v.rrr.r„ + Ax.f'r, - |.y4. 


(B.ll) 


Using the field equations and Bianchi identities, one can express the last 
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term of (IBJl) as 


X+, Vj 


-2rTJ5'^+^ - + 2rU(+) x+) 


= yx+, 
= (x+, 


-2V2 InA + 2V2$ - + ^d^Tn + ^ 


X+ 


4^“^ + 6A-^{dAf - IQA-^d^Ad^^ + Md<^f - -Z^ + 

6 4 


+ 


-^'fi + -F^ + —di<^Tt" 

8*2 48 


+—Fii - —Yii - 

288 48 * ^^2 


X+ 


(B.12) 


while using the field equations again the term in dEZl) containing the Ricci 
scalar can be written as 


= ( X+, 


-—>1-2 - 3A-^{dAf + 6A-^d^Ad^<^ - 2{d^ f 


.A^2 1^2 _ 3^2 ly2 5^2 

24 4 8 96 4 


X+ )■ 


(B.13) 


Using (IB.11|) . (IB.12|I . and (IB.13|) . the right-hand-side of (IB.7I1 . apart from the 
first term and the Adi || X-i- 11^ term, can be evaluated as 


X+, 


+ ^A-\dAf - ‘^-A-^AAd.<^ + ^(d4>)2 + 


11 


- ^A-^d,ATfT,^ + l^.chr/rn - 

+ + iiu2 ^ ^ ^A-^d,ATfT^^ 

+ — ai4>r/rii -t —tf - —ff + -^A-^fv^ -b —A-^diArf" 
28 336 28 112£ 112 


—* -b- 

336 42-96 


^ Bn - —Bn -b- - - ft 

448 168-96 


^ Q 

-b- A-^t - A-^X,d^AT^ -b —XidAT^ 

Ue 14 14 

-b—X,^*B Jii - —XAfTJ^ix + —Xit"V^ -b —X2 
56 28 168 14 


X-e 


(B-14) 


Next we compare the above expression to 


e(+) 


X-> 


= 1 X-e, 


-Xt + -(dAf - -^AlUBii -b —>121U2 + JLa^T^Tu 
’ M 16 16£ 


-b —AdiArfTii - —A^ff + -^Afr^ + —AdiATt" 

16 256 192€ 192 

-— A^ftTii + -^A^tt + —At --AX^d.AV^ 

16-96 1922 8 

+lA^XAfr,r,i + ^A^x,rr, + ^A^x^ x+V (b.15) 
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(r,B(+)x+,-4(+)x+) = (x+, 


-\d^Ad.^ + 

- - iAW ^2 _ - ^d^ATfV^^ 

48 8 IM 16 

- —Adi^rfTn - —tt + —Aft - 

16 192 128 192£ 

- —d,ATf" - —Ad^^Vt" - —AttTii 

192 192 24-96 


—AftTxi - 
384 96 ■ 192 


^ Att + —t - -X^d^AT^ 
8 £ 8 


+ Jn 

-l-AX,TrT,Tn + ^AX^ x+ 


(B.16) 


and 




X+ 


= { X+, 


(d$)2 + 


+ ^ 

4 16 


- —ff + —di<prt" 
64 48 


- 4^*rrr,rn - + ^x^ 

8 16 48 16 


X+^ 
(B.17) 


to find that 


V^llx+f + (3A-^d,A - 29,$)V*||x+ 


v(+) 


x+ 


^ 16 .-2 
+ yA 2 


b(+) 


X+ 


2 

2 4 


(B.18) 

2 2 

7" V^~ ' 7 

where This proves m, or equivalently (I3.26L for the the 

standard IIA AdSa backgrounds. 


+ |A-i(r,i(+)x+,^^+^x+) + ^\\A^+h+ 


B.3 AdS^: Massive IIA solutions with IV = 0 

Next let us establish (I3.26|) for the massive IIA AdSa backgrounds. Continuing 
the computation in the same way as in the previous case, one finds that 

<^X+, -44'(+)*l - 2rTl4'j+^ - I4giA-ir**]B(+) - I4g2rM(+) V,x+) 

_ [3 ^ 7gi]A-i9M - [I + 7gi]A-i (T^A)* 

- 1492r^4> - 


= \ x+, 


9 + 7(?i + 70^2 3 + 7qi+A2q2 

-i--§-r 

, -1 - 7gi - 14^2 , -3 + 791 - I 492 

+ r Y + - r XT, 


ViX+ 
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x+, 


which can be written in the form Q;*Vi||x+|| + provided that 

q 2 = —h and qi = i. In particular, one has 


7 '71—7 

_4^(+)d _ 

- 4:A-^diA - 2A-^{T0A)^ + 2Ti$<i> 

-I^(r^).rii + J^.ri7 ]v”x+), 


x+, 

= (x+, 


V*x+ 


C 

ir 


with 


J- = + 2A-^A - 2^$ - 


(B.19) 


and ai = —3A ^diA + 29^$. 

Combining the T term with the fourth term in (iBJl) . we find 




= X+,-2 


*rii-r^^hii 

168 


- —A-^V$"A - - —J 

li 7 14 7 28 

+ ^5r + |rfYn + lrrn + ^rr + ^r 

— —A-^r^i + -A-^diA + —A-^T$iA - irj4> + —^.rn - —r^.rn 
14£ ^*^7 * ^ 14 7 56 * 84 * 


-—r^,r^ - —x,T^ 

14 * 28 


X+ 


= 1 x+, 


-^A-^ - ^A-^idAf + _ ^(d$)2 + 


- —y4-^5,Ar/rii + —d.^vfvix - —, 

42 “ 21 504 


- —- —A-^ST^ 
24 14£ 


- - j|szr.. + '-s^ + j.. 


+ —y4-^5,Ari^*rii - —- — 
28 * 11 * -f 11 ^^2 


1 


1 


--F^ 


+ Yhz + —A-^diATt" - —d^<^vt" -Fii 

112£ 112 56 42-96 




——tt - —y^ 

168-96 96 


'ir 'i ^ 

+ -j-.A-^t - —A-^x,d^Ar, + + —xj'r^rn 

lAt 14 7 56 

-—x:irj^*r^rii + —- —x^ x+) - (B. 20 ) 

28 168 28 J +/ ^ ^ 

Furthermore using the field equations and Bianchi identities, the last term 
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(IBJl) can be expressed as 


X+, V* 


-2rT^5'^+^ - + 2rM(+) x+^ 


= ^x+, 

= (x+, 


1 


1 


1 


1 . 


-2 In A + 2 V2$ - —+ -0S+ —dfi^Tn +—d/^^ - V,XT 


48 


12 


240 


4 ^“^ + 6A-^{dAf - IQA-^d^Ad^^ + 4.{d<^f - }_s$^ 

6 2 

+ + 25^ + 




2 

1 

'48' 


1 

48' 


,rrii - 


x+ 


while the term involving the Ricci scalar now reads as 


(B.21) 


X+ 


= (x+, 


-—^-2 - ZA-‘^(dAf + &A-^d^Adi<^ - 2(d^f 


.A^2 _ 1^2 _ 3^2 1^2 5^2 

24 4 8 96 4 


X+ 


(B.22) 


X+, 


Using (IB.20I) . (IB.21I) . and (IB.221) . one finds that the right-hand-side of (IB.7I) . 
apart from the first term and the d^di || x+ |p term, can be written as 

^A-'‘ + ^A-'‘{dAf - + |(<i4.)“ + ^^A-'^FAn 

- 3^-v‘aAr2-r„ + Xa.4.r^‘r„ - 


+ X.4->aArrr.. + |8.$r/r„ + Jj 


1 






11 


+—x,d^^r^ + —x.^'r^Fu - —x,r/r^rii —Xif'r^ + —x^ 

14 56 28 168 14 


Comparing this with 


X+^ 
(B.23) 


X-K 


= V x-H, 


X + \idA? + i.4sr. + \as$a a Xa-s- a r j. 


+ X.4a..4rj<-‘r„ -XA^ttA ^Atv. a XAa.Avf 




1 


1922 


-—A^XXfAXii + —A^Xit'V^ + —A^X^ 
64 192 64 


8£ 

X+ 


(B.24) 
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(r,B(+)x+,-4(+)x+) = ^x+, 


1 r ^ 

—+- tvj'ii - d^AVt^Tii — 

^2 2U 24 8 € 

- ^S$A - \aS$^ - ^AStVix - Jr^'S'2 - 
8 8 96 32 lU 


- —d^ATfVii - —Adi^VfVii - — 
16 16 192 


3 


- —tV^ - —diATt" - —Ad.^Tt" -— Att^xi 

192€ 192 192 24-96 

- —ASt + —Aft^ii - —Att + —t 

128 384 96-192 U 

- ^X^d,AV, + ^AX^d^^T, + ^AXa'Vj:^^ 


— ^-AXA'fVJ^xi + —AX^ 
32 32 


X+ 


(B.25) 


and 


A^^h+ 

3 


= 1 x+. 


25 


(d$)2 + 


-ai4>r/Til + — 
4 16 


6 

9 

M 

1 


144 

+ 

48 


+ —Fii + —Sf - —ffTii + Arf f + -X'-di^T^ 

576 192 128 962^ 2 


- 4^*rrrTii - + 4^" 

8 16 48 16 


x+ 


24 


16 


(B.26) 


we find that 

72|i_ ii2 


X^\\x+r + {3A-^da-2d.^)X^\\x, 


v(+) 


x+ 


16 


A 


-2 


b(+) 


x+ 


" + iA-4rzB(+^x+,-4(+^x+) + y|4^+^x+ 


where again 7 ) = This establishes (13.261) for the massive IIA 

AdSa backgrounds. 


C AdS4 

To prove (14.241) . we expand the third term of (IB.71) in the fields to find 


X+, 


_45,(+)d _ 2rT^4'4^ - 12giA-ir^*B(+) - 12g2r*A(+) V,x+) (C.l) 


= V X+, 


6qic 


- [3 + &qi]A-^dA - [1 + &qi]A-^{T$Ay - I2q2r 


8 + 6gi + 60^2 1 + 1292 1 + 492 T., 

-i- - - W Til- —TW Til 

2 + 391 + I 892 i ^ 9l + 292 2 - 391 + 692 

-4-^ ^ +-2- 


ViX+ 
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x+, 


This can be written in the form a*Vi||x+|| + (x+,JT*ViX+) provided that 
<72 = —g and <71 = ^. In particular, 


X+, 


_4\I/(+)d _ 

2 c 


V*x+ 


= 1 x+. 


—A-^T,, - bA-^d^A - •iA-^T$iA + 2r,^$ 




v*x+), 


(C.2) 


and so 


T = + iA-^$A - 2 # - 


(C.3) 


and Qfi = —AA ^diA + 29^$. 

Combining the T term with the fourth term in (EjI), we find that 


,2[4-(+)*t + + ijrA - iri^(+))x+\ 

V O D ^ J \ O ^ / / 

= /x+, -2 [ —A-^r^^ + —A-^d^A - -A-^T$'A - -$^r + —Sr - —$\ix 
\'^+’ [6^ 6 3 6 24 24 

-—r^^Tii + —r/*rii + —fVix + —vt" + —t" + — 

36 48 24 192 48 24 

+ ‘^A-^da + \a-^V$,A - + ^t.Tn 

M 3 6 6 24 12 

~ ~ 48^* ~ X+ 

= ^ x+, -^ 2 ^”' - 

- \a-^$AS + \s$<A> + - ^A-^d,AT$\^^ 

6 6 48 18-t 18 

+ X8.„«T„ - Xsj»r.. - + ^-4-Yrju 

+ T.. - Xawf - Igf + i#y. - jLfr _ 

+ - Xa,frr‘ + jXsy - 


- |a- 


X+ 


(C.4) 


Using the field equations and Bianchi identities, the last term of (IB.7I) can 


36 













be rewritten as 


,V, 


-2rTJ^'j+^ - + 2rM(+) x+) 


= yx+, 

= (x+. 


-3V^ In >1 + 2- —dHVii +-$S + —d/FTn +—dff 


48 


12 


240 


X+ 


4 ^ 1-2 + UA-'^idAf - UA-^d^Ad^<^> + 4{d<^f - 

6 2 

+ + Is^ + 

+3f^ + _La*rr-Xy»-|x>]x+). (0.5) 

while the term in (IB.7I) involving the Ricci scalar is 


= /.x+, l-^A-^ - <iA-\dAf + + 2 - 2s= + 




48 


--F^ + SA-^d^Ad^4> - 2(d$) 


2 2 
2 


24 


X+ 


(C.6) 


Using deg, (ESI), and (EE), the right-hand-side of (iBJll . apart from the first 
term and the a^di || X-i- IP term, can be expressed as 


X-H, 


-^A-^ + ^A-\dAf - ‘^A-^d,Ad^4^ + 

- Ia-^$as + \s$4> + Jn - 

6 3 48 18^ 18 

+ rn + 

+ ^A-^d,ATfT^i + 

+ —A-^tT^ + —A-^d.AVT + —St - —ttTii 

m 288 192 384 




x+ 


(C.7) 


Comparing this to 


X-h 


= V x-H, 


4? + j(‘'F + s^sn + i.4^As + l^^s“ 

+ + Aa^st 


1 


16-96 


ttVi 


1 jiAffj^±AXT^ 


1922 


64 64 


X+ 


(C.8) 
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(r,]B(+)x+,-4(+)x+) = ^x+, 


1 r ^ ^ 

+ -$T.Tn - ^5r. - -$AS --AS$<i 

- 1"’ - 2^a'<(r<f')‘rn - 5^aiSifr„ - 
- f a^(r^)-r„ - lM<5(rf-)'r„ - 

+ —Aff - - —d^ATt" - —Ad^^Tt" 

-r ^g2 * 192 


128 

1 


^ A$tTi^ + ^AftVii 

oo 4 


A — 

128 24-96 

- - - Aft + —XT^ + —AXfr^^Tii + —AX^ 

96-192 Se 32 32 


and 


= \ x+, 


(C.9) 


(d$)2 + ia,$(r/fci)*rn - 
+ fsv Jftf w‘r„ + X*/_ 


we find that 

V^llx+f + {AA-^da - 29,$)v“||;^+f 


(C.IO) 

(C.ll) 


v(+) 


x+ 


16 ,_2 
—A ^ 
3 


b(+) 


X+ 


+ ^A-i(r,i(+)x+,^^+^x+) + i||^^+^x+ 


where = V*^+’3’ This concludes the computation for this case. 


D AdSr, with n > 4 


x+ 


Here we prove da for the rest of the backgrounds, n > 4. As in the previous 
cases expressing the third term in dEZl) in terms of the fields, one finds 


X+, 


_45,(+)d _ 2rTJ 4'|+^ - 2(10 - n)giA-ir^*B(+) - 2(10 - n)q2rA^+'> 

-u 


VzX+ 


(10 ^ _ [1 ^ (10 _ n)qi]A-^{T$Ay 


-2(10-n)q2r*^$- 


12 — n + (10 — n)qi + 10(10 — n)q 2 


sr 


l + 2(10-n)g2 _ 3 + 2(10-n)g2 p^»p 

4 ^11 12 11 

(8 — n) + (10 — n)qi + 6(10 — n)q 2 


r*fr 


11 


(n — 4) — (10 — n)qi — 2(10 — n)q 2 
96 


r0 


V.X+)- (D.l) 
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Writing this in the form Q;*Vi||x+|l^ + {x+ ^ iX+^ fixes q 2 = —and 
91 = obtains 

^X+, - 2rTJ4'j+^ - 2{n - 2)A-ir^*B(+) + 2rM(+) ^iX+) 

= (x+, ^^^^^—^A~^T^,-(n + l)A~^d^A-{n-l)A~^{T$A). 

+2r,#-^(r/^)Tn + itoi V*x+y (D-2) 

Thus 

T = + (n - l)A-^$A - 2# - , (D.3) 

and ai = —nA~^diA + 2(9^$. 
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Combining the T term with the fourth term in (IBJl) . we find 


x+,-' 


2 { ^(+)d + —1—^(+)tr + ijrr 

10 — n 10 — n 2 


X 1 


10-n 


1 


10 — n 


r,^(+))x+) 


= (x+,-2 


(9 - n){n - - 9n - ^ 


2(10-n)£ 

9 — n 


+ 


10 — n 
9 — n 
8(10-n) 


2(10-n) 

11 _ 77 

-rST* - 


1 




4(10-n) 4(10-n) 

‘ rTi 


2(10-n) 
- 


24(10-n) 


r^*r 


11 


4(10-n) 


96(10-n) 


r0^ + 


1 


(n — 2)c , 


2(10-n)£ 


^ ^ , A-^r0,A- 


8(10-n) 

1 


0^ 


1 


4(10-n) 
1 




10 — n 
8 — n 

^ 8(10-n) 


- 


2(10-n)' 
1 


10 — n 




= \ x+, 


8(10-n) 

-A-'^ + 


r/'.rn - + 


12(10-n) 
1 


r^.r 


11 


4(10-n)’ 


(9 — n)(n — 2)^ 2 — lln^ + 18n — 16 2 


2(10 - n )£2 

2(n^-10n + 8) 


10 — n 


A-^5Ma4> - 


2(10-n) 

2(9-n) 2 


32(10-n) 

A-^(dAf 




x+ 


10 — n 


2(10-n)r 


»-2 A-'0AS + J—s0i + JlAAs^ + A^,A-^tr,r^ 


2(10-n) 
n — 2 
6(10-n) 
1 


10 — n 

A-^d,AT0"Tii + 


8(10-n) 


1 


3(10-n) 


a$r^*rn - 


6(10-n)£ 

1 — n 


_ j/rj/r 1 rr2 I (^^ - 2)c 

72(10-n)^^ 24 4(10-n)£ 


Ti-i/r.rn + 


24(10-n) 
n — 2 


S$Ti 


4(10-n) 
11 — n 


24-ia7irj^*rn 




- -F^ 


<" ^ :.4-‘(Sr. + ,4-'a.4r«;- 


1 


8(10-n) 
n — 1 


16(10-n)£ 


16(10-n) 


7-n 


96(10-n) 


S0- 


n — 4 


576(10 - n) 


00ri 


1 


08 ■ 96(10 - 96^ 


X+ 


(D.4) 


Using the field equations and Bianchi identities, the last term in (IB.7I) can 
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be expressed as 

{|x+, V* -2rT^5'^+^ - 2(n - 2)A-ir^*B(+) + 2rM x+^ 


= ^X+, 

= ( X+, 


1 


1 


1 


1 


-(n- 1)V2 \nA + 2'^^^ + -$S - —dflTii + —d^Tn + —dp 




£2 


2 48 12 240 

A-2 + (n - l)nA-^{dA)^ - 2{2n - l)A-^d^Adi^ + pd^f 


X+ 


+ ls0^ + + ^S$Tn - \h^ + ]d,^Tfrn 

2 4 Iz o 4 


- p-f. + + Xg,„r0- 


X+ ) , (D.5) 


while the term involving the Ricci scalar becomes 

R(i°-")||x+ir = /x+ 


(n l)n ^_2 _ (n ^ 2nA-^d^Ad,<^> - 2{d^)^ 


2f2 


10 — n 




24 


r-ff 


n — 6 


n — 2 
96 


G2 


X+ 


(D.6) 


X+, 


Using (Ipa . (IdTKI) . and (|D3|), the right-hand-side of (iBUll . apart from the first 
term and the a^di || x+ IP term, is 

4(«-2) _^_2 , 4(n - 2) ~ P A-iai Aa ^ ^ 


’ [(10-n)^‘ 


10 — n 


■A-pdAY - 


10-n 


■A-^d'-Adi^ A 




-f 


2 (10-n)^ 
(n — 2)c 
6 (10-n)^ 
12-n 
24(10 - n) 


2(10-n)^ 


2(10-n) 


in 

10 — n 

31 -3n 
8(10-n) 


5^ 


A-^$T,Tii - ^ , A-^d^AV$Pii + —i 


5^rn - 


6(10-n) 3(10-n) 

^ yit + 77T7r-^4^^”^/’r^ri 


72(10-n) 


4(10 - nY 


^ A-^d,ATfTii + 


4(10 - n) 

11 — n 


4(10-n) 


48(10-n) 


32(10-n)” 16(10-n)£ 


(n 2)c ^ n ^ A-^d,AVp^ 


16(10-n)' 


--4 . mr,. 


n — 1 


48(10-n) 

Comparing this to 
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96(10-n) 576(10 -n) 


48-96(10-71 
(D.7) 


00 


X+ 


b(+) 


X-h 


= \ X-H, 


^AYAfA^^AST.A\A$ASAXA‘S- 


-— f0Tii + -2—A^00 

16-96 ^ 1922 
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(r,]B(+)x+,-4(+)x+) = (x+, 


+ 5^«»r.r„ - |sr, - 1$as -\AS$<i 

- 1"’ - 

- Jn - XaA(r^r)-r„ - lAa<5(rf-)‘r„ 


_ A^/+ A 

192 128 


1 




+—Af0Tii -- A00 

384 ^ ^ 96.192 


A$0Tii 

X+ ) , (D.9) 


and 




X+ 


= \ x+, 


(d$)2 + i5,$(r/fcr)“rn - + \s$^ 


144 


24 


S'^r 


11 


+ |*^ + !a.drf)‘r.. + Xw-X 


.^8.$rc!‘ + j|s«! + + ^,00 

(D.IO) 


X+ 


it is straightforward to see that 


V^llx+f + {nA-^d,A - 2a,$)V*||x+ir 


v(+)x+ 

+ 


16(n-2) , 

10 -n 


X+ 


+ 


4(n-2) 


10 — n 


10 -n 


A^+'> 


X+ 


A-i(r,E(+)x+,A)x+) 

(D.ll) 


where for q 2 = —jq^ and qi = ■ This completes the 

proof of for all remaining cases. 
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